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, Abstract. The behaviour of the lengths of spectral gaps {'yn{q)}^^i of the Hill- 

Schrodinger operators 

! S{g)u = -u" + q{x)u, u g Dom {S{q)) 

with real- valued 1-periodic distributional potentials q{x) g -^^.^^^{l;) is studied. We show 
that they exhibit the same behaviour as the Fourier coefficients {9(")}5^L_oo °^ poten- 
• tials q{x) with respect to the weighted sequence spaces h"'''', s > —1, ip G SV. The case 

' q{x) G ^i-peri^)' * ^ = 1 corresponds to the Marchenko-Ostrovskii Theorem. 

1. Introduction 

The Hill-Schrodinger operators 

S{q)u —u" + q{x)u, u G Dom {S{q)) 
i-periuuic uisiriuuiioiiai puieiiiiais qy-i^j ^ d ^ 



> , 

\ with real-valued 1-periodic distributional potentials q{x) S i7]^_pg^(]R) are well defined on the 

Hilbert space L^(R) in the following equivalent basic ways [MiM16]: 

■ • as form-sum operators; 

\ • as quasi-differential operators; 

■ • as limits of operators with smooth 1-periodic potentials in the norm resolvent sense. 
00 . The operators 5(g) are lower semibounded and self-adjoint on the Hilbert space L^(R). Their 

' spectra are absolutely continuous and have a band and gap structure as in the classical case 

of L?.per (I*)-POtentials [HrMk, Krt, DjMt3, MiM16]. 

The object of our investigation is the behaviour of the lengths of spectral gaps. Under the 
assumption 

fee 



X 



(1) g(x)^^g(fc)e*'=2-ei/-4+.(I 
that is 



^(l + 2|fc|)2"|g(fc)p < oo Vs>~l, and lmg(a;)==0, 

fcez 

we will prove many terms asymptotic estimates for the lengths {'yn{q)}^=i and midpoints 
{Tn{q)}^=i of spectral gaps of the Hill-Schrodinger operators S{q) (Theorem 1). These es- 
timates enable us to establish relationship between the rate of decreasing / increasing of the 
lengths of spectral gaps and the regularity of the singular potentials (Theorem 2 and Theo- 
rem 3). 

It is well known that if the potentials 



g(x)=}_Jg(fc)e*^-2'^-eL?_pe.(D 

fcez 
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i.e., when 

^|9(fc)|^<oo, and lmq{x) = 0, 

fcGZ 

then the Hill-Schrodinger operators S{q) are lower semibounded and self-adjoint operators 
on the Hilbert space i^(K) with absolutely continuous spectra which have a zone structure 
[DnSch2, ReSi4]. 

Spectra spec {S{q)) are defined by the location of the endpoints {Xo{q), Xt{^)}n'=i of spec- 
tral gaps which satisfy the following inequalities: 

-00 < Xo{q) < Xiiq) < Xt{q) < X^iq) < X^iq) < ■ ■ ■ ■ 

Moreover, for even/odd numbers n G Z_|_ the endpoints of spectral gaps are eigenvalues of the 
periodic/semiperiodic problems on the interval [0, 1]: 

S±{q)u := —u" + q{x)u = Xu, 

I)om{S±{q)) := {m e ^^[0,1] u^^'^O) = ±u(^)(l), j = 0, 1 } = if|[0,l]. 

Spectral bands (stability or tied zones), 

Bo{q) ■■= [Ao(g), Ar(g)], Bniq) [X+{q),X-+,iq)], n S N, 

are characterized as a locus of those real A G K. for which all solutions of the equation 
S{q)u = Xu are bounded. On the other hand, spectral gaps (instability or forbidden zones), 

ao(9) :=(-oo,Ao(g)), g„(g) := (A-(g),A+(9)), n G N, 

are a locus of those real A G M for which any nontrivial solution of the equation S{q)u = Xu 
is unbounded. 

Due to Marchenko and Ostrovskii [MrOs] the endpoints of spectral gaps of the Hill- 
Schrodinger operators S{q) satisfy the asymptotic estimates 

(2) Xt{q)=n^n'^ + q{0)±\q{n)\+h\n), n ^ oo. 
As a consequence, for the lengths of spectral gaps, 

ln{q) ■■= X+ - X-, nen, 
the following asymptotic formulae arc fulfilled, 

(3) jniq) = 2\q{n)\+h\n), n ^ oo. 

Hochstadt [Hchs] (^) and Marchenko, Ostrovskii [MrOs], McKean, Trubowitz [McKTr] 
{<=) proved that the potential q{x) is an infinitely differentiable function if and only if the 
lengths of spectral gaps {7n(3)}^i decrease faster than arbitrary power of 1/n: 

q{x) G C^peri^, ^) ^ ln{q) = 0{n-^), n ^ 00 Vfc G Z+. 
Marchenko and Ostrovskii [MrOs] discovered that 

(4) g(a;)Gifi%,,(K,IR)^{7„(9)}^=i G/l^ fc G Z+. 

The relationship (4) was extended by Kappeler, Mityagin [KpMt] (=>) and Djakov, Mitya- 
gin [DjMtl] (^) (see also the survey [DjMt2] and the references therein) on the case of sym- 
metric, monotonic, submultiphcative and strictly subexponential weights VL = {^{n)}^^^'- 

q{x) e H[\„JR,R) ^ {7„(g)}^r=i e h"". 
Poschel [Psch] proved the latter statement in a quite different way. 
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Here and throughout the remainder of the paper we use the complex Hilbert spaces 
(as woll as H^_^![0.1]) of 1-periodic functions and distributions defined by means 
of their Fourier coefficients: 

fix) = g/(A;)e^'=2.. g Hr.p,,{R) ^ {/(fc)}^^^ G h^, 

\\aU^=(Y.w'{kMk)A <ool. 
Vfeez / J 

Basically we use the power weights 

Ws = {w,{k)}^^^: Ws{k) := {l + 2\k\y, sGR. 

The corresponding spaces we denote as 

HrJpM = Hl^M Hl^ [0, 1] = Hl[Q, 1], and h'^^ = h\ s e M. 

For more details, see Appendix. 

2. Main results 

As we already remarked, under the assumption (1) the Hill-Schrodinger operators S(q) are 
lower semibounded and self-adjoint on the Hilbert space Z/^(]R). Their spectra are absolutely 
continuous and have a classical zone structure [HrMk, Krt, DjMt3, MiM16, MiSb]. 

Using the results of the papers [KpMh, Mhr], the Isospectral Theorem 5 and [MiM16, 
Theorem C] we prove uniform many terms asymptotic estimates for the lengths of spectral 
gaps {'yn{q)}?^=i and their midpoints {Tniq)}^=i, 

rM := ^"(^);^"(^) , nGN. 

Theorem 1 ([MiM13, Mlb2]). Let q{x) G H^_'^^^{R,R) , a € [0,1). Then for any s > uni- 
formly on the bounded sets of distributions q{x) in the corresponding Sobolev spaces H^^^j.{M.) 
the lengths {7n('i')}^i and midpoints {Tniq)}'^^i of spectral gaps of the Hill-Schrodinger op- 
erators S{q) for n> no (g^^ satisfy the following asymptotic formulae: 

(5) ^„{q) = 2\q{n)\+h'-^-^-%n), 

(6) Tn{q) = + q{0) + h^-^"-%n). 

Corollary ([MiM13, Mlb2]). Let q{x) e H^_'^^^{R,R) with a G [0,1). Then for any e > 
uniformly by q{x) for the endpoints of spectral gaps of the Hill-Schrodinger operators S{q) the 
following asymptotic estimates are fulfilled: 

Xtiq) = + m ± \q{n)\ + h^-^^-^n). 

Now, we can describe a bilateral relationship between the rate of decreasing/increasing of 
the lengths of spectral gaps {7n(9)}^i and the regularity of the potentials q{x) in the refined 
scale. 

Let 

w,,^ = {ws,^{k)}^^^: Ws,^{k) := {l + 2\k\y ip{\k\), s G R, G SV, 

where is a slowly varying on +00 in a sense of Karamata function [Snt]. It means that it is 
a positive, measurable on [A, 00), A> Q function obeying the condition 

lin, ^ = 1, A>0. 
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For example, 

ip{t) = i\ogtYHlog\ogtY'...{log..AogtY'' gSV, {ri,...,rfe}cM, fceN. 

The Hormander spaces 

and the weighted sequence spaces 
form the refined scales: 

(7) - i?i-^e.(K) - Ht7,um, 

(8) ^ h''"^ ^ h'-', seR,e>0,(p€ SV, 

which in a general situation were studied by Mikhailets and Murach [MiMr]. 

The following statements show that the sequence {7n((i')}i^Li has the same behaviour as 
the Fourier coefficients {q{n)}^—_^ with respect to the refined scale {h"''^}seK.,ipeSV- 

Theorem 2. Let q{x) e ^{1^+ (R, M) . Then 

q{x) e i^i^i^,, (R,M) ^ {7n(9)}^=i e h^''^, s e (-i,0],<^ e SV. 

Note that the Hormander spaces H'lLp^j.{M.) with (fi ^ I coincide with the Sobolev spaces, 

i?l"4er(I^) = ^l%er(I^). and h''^ = /l^ S G M. 

Corollary ([MiM13, Mlb2]). Let q{x) € iff_^+ (R,M), i/ien 

(9) q{x) G (R,M) ^ {7„(9)}^=i e /l^ s G (-1,0]. 

Theorem 2 together with [KpMt, Theorem 1.2], and the properties (7) and (8), involve the 
following extension of the Marchenko-Ostrovskii Theorem (4). 

Theorems. Let q{x) £ H^_l+^{R,R). Then 

Q{x) G ^^ri^er M ^ {7n(9)}~ 1 & h^''' , S G (-1, Oo), ^ G SV. 

In particular, 

q{x) G (K,M) ^ {7n(g)}^=i G /i^ s G (-1,00). 

Remark. In the preprint [DjMtS] the authors announced without a proof the more general 
statement: 

q{x) G /fiV(M,M) ^ {7n(g)}r=i G /i^, f2 = {y^|^} ' 

where the weights O = {fi(n)}„ez are supposed to be symmetric, monotonic, submultipHca- 
tive and strictly subexponential ones. This result contains the limiting case 

q{x) € i?r4e. (K, R) \ H^-ltr (R, . 

An implication 

q{x) € i?r4, (R,M) ^ {7n(a)}n=l S ^i"' 

was proved in the paper [Krt]. 
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3. Proofs 

Spectra of the Hill-Schrodinger operators S{q), q{x) G H^_pg^ {M.,M.) are defined by the 
endpoints {Xo{q) , {q)}'^=i of spectral gaps. The endpoints as in the case of Ll_pg^{R)- 
potentials satisfy the inequalities: 

-oo < Xoiq) < X^{q) < X+iq) < X^ (q) < X+{q) < ■■ . 

For even/odd numbers n € Z_|_ they are eigenvalues of the periodic/ semiperiodic problems on 
the interval [0,1] [MiM16, Theorem C], 

S±{q)u = Xu. 

The operators 

S±u = S±{q)u := Dj.u + q{x)u, 

• Dl := -(f/dx'^, Dom(£)|) = F^[0, 1]; 

• 9(a;)=5^g(fc)e''=2--eF+i([0,l],M); 

. Dom [Siiq]) = {u e i?i[0, 1] I Dlu + q{x)u G L^{0, 1) } , 

are well defined on the Hilbert space L^{0, 1) as lower semibounded, self-adjoint form-sum 
operators, and they have the pure discrete spectra 

spec(5±(g)) = {Ao[5+(9)], Xt_,{S.{q)], A± , . 

In the papers [MiM13, Mlb2, MiM14, MiM15] the authors meticulously investigated the 
more general periodic/semiperiodic form-sum operators 

Sm,±{V) ■■= + y{x), V{x) e if+™[0, 1], m e N, 

on the Hilbert space i^(0, 1). 

So, we need to find precise asymptotic estimates for the operators S±{q) eigenvalues. It is 
quite difficult problem as the form-sum operators S±{q) are not convenient for investigation. 
We also cannot apply approach developed by Savchuk and Shkalikov (see the survey [SvSh] 
and the references therein) considering the operators S±{q) as quasi-differential ones as the 
periodic/semiperiodic boundary conditions are not strongly regular by Birkhoff. Therefore we 
propose an alternative approach which is based on isospectral transformation of the problem. 

Kappeler and Mohr [KpMh, Mhr] investigated the second order differential operators 
L±{q), q{x) e ifJiI^ ([0, 1], R) (in general, with complex-valued potentials) defined on the 
negative Sobolev spaces if^^[0, 1], 

L± = L±{q) := D| + q{x), T>om{L±{q)) = Hi[0, 1]. 

They established that the operators L±{q) with q{x) G if^" ([0, 1], R), a G [0,1) have the 
real-valued discrete spectra 

spec(L±(g)) = {Ao[L+(g)], A^.il^-W], A± [L+(g)]}^^, 

such that 

|A±[L±(g)] -nV -9(0)1 < Cn«, n > no (||g||^,-<^[o,i] 
More precisely, for the values 

In [L± {q)]:= A+ [L± {q)\ - A" [L± (q)], n G N, 

they proved the following result. 
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Proposition 4 (Kappeler, Mohr [KpMh, Mhr]). Let q{x) e ([0, 1], M), and a G [0,1). 

Then for any e > uniformly on the bounded sets of distributions q{x) in the Sobolev 
spaces H^"[0,1] for the operators L±{q) values {ln[L±{q)]}'^--,i and {Tn[L'±{q)]}'^-i for 

n> no (^\\q\\H-''[o 1]) following asymptotic estimates are fulfilled: 



min 

± 



'„[L±(g)] ± 2^/{q + uj){-n){q + ij) (n) 



ii) T„[L±(g)] = n^TT^ + g(0) + h'-^'^-^n), 
where the convolution 




q(n-k)q{n+k) ^l^ ' a € [0, 1/2), 

n2-fc2 f U3/2-2a-i^ a € [1/2,1) 



with any S > (see the Convolution Lemma [KpMh, Mhr]j. 

Remark. In the papers [Mlbl, MiMU, MiM12, Mlb2] more general operators 

Lm,±{V) ■■= -D±" + V{x), V{x) G F+™[0, 1], m e N 

on the spaces H^"^[0, 1] were studied. In particular, the analogue of Proposition 4 was proved. 

The following statement is an essential point of our approach. 

Theorem 5 (Isospectral Theorem [MiM13, Mlb2]). The operators S±{q) and L±{q) are 
isospectral ones: 

spec {S±{q)) = spec {L±{q)) . 

Proof. The injections 

spec(5±(g)) C spec(i±(g')) 

are obvious since 

S±{q) C L±{q). 

Let prove the inverse injections 

spec {L±{q)) C spec {S±{q)) . 

Let A G spec(L±(g)), and / be a correspondent eigenvector or rootvector. Therefore 

(L±((Z) - XI d) f = g, f,gG Dom {L±{q)) = H^iO, 1], 

where / is an eigenfunction if g' = 0, and a rootvector if g ^ 0. 
So, we have got 

L±{q)f = XIdf+gGHi[0,l], 

i.e., 

L±iq)f = Dlf + q{x)fGL^iO,l). 

Thus we have proved that / G Dom {S±{q)). In the case when / is a rootvector {g ^ 0) in a 
similar fashion we show that g G Dom (S'±((jf)) also. Continuing this process until necessary 
(draw attention that it is finite as the eigenvalue A has a finite algebraic multiplicity) we 
obtain that all correspondent to A eigenvectors and rootvectors belong to the operators S± (q) 
domains Dom (S'±(q')). Consequently we can conclude that 

A G spec {S±{q)) , 

and the required injections 

spec {L±{q)) c spec {S±{q)) 

have been proved. 

The proof is complete. □ 
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Now, Theorem 1 follows from Proposition 4, the Isospectral Theorem 5 and [MiM16, The- 
orem C], since 



q{n) = q{—n), n €1^, 
oj{n) = ui{—n), n e Z, 

and as a consequence 



min 

± 



ln{q) ± 2^/{q + w){-n){q + w){n) = \jn{q) - 2 \{q + w) {r 



The proof of Theorem 1 is complete. 

To prove Theorem 2 we firstly prove its Corollary. The formula (9) follows from [KpMh, 
Corollary 0.2 (2.6)], the Isospectral Theorem 5 and [MiM16, Theorem C]. Also it can be proved 
directly as well as [KpMh, Corohary 0.2 (2.6)] using the estimates (5). 

Further, to prove Theorem 2 it is sufficient to apply the asymptotic estimates (5), the 
properties (7) and (8) of the refined scales, and tlie formula (9): 

• Q e i^i'l^er (K. K) ^ 9 e Ht-l (R, M) , 5 > 7„ = 2 |g(n) I + /i^+^C-^)-- (n) 

i4 7n = 2 \q{n)\ + h^''^{n) =^ {ln{q)}^=i G /i^'^; 

• {7n(«)}^=i G /i^'^ ^ {74^=1 G h^-', 6>0^qG H^-l (M, M) 

i4 7n = 2 |g(n)| + h'+^^^-'^-%n) ^4 7n = 2 \q{n)\ + h^''^{n) 
=^ {q{n)}nez G /i^'^(n). 
Remark that due to arbitrary choice of 5 > and £ > we may choose them such that 

l + s-2^-£>0. 

The proof of Theorem 2 is complete. Now, we are ready to prove Theorem 3. 
At first, note that from [KpMt, Theorem 1.2] we get the following asymptotic formulae for 
the lengths of spectral gaps: 

(10) 7n(9) = 2 \q{n)\ + h^+'{n) as q{x) £ Hl^^^ (M,K) , s G [0, w), 

which for the integer numbers s e Z+ were proved by Marchenko and Ostrovskii [MrOs]. 
Using (9), (10) and (4) it is easy to prove the relationship 

(11) q{x) G Fi%er (R,K) ^ {749)}n=l G /l^ S G (-1, 00). 

Sufficiency of Theorem 3. Let q{x) e H^Lp^^ (M,R). If s G (-1,0] then due to Theorem 2 
we obtain that {7„(g)}^=i G h^'"^. If s > then 

^ ln{q) = 2 \q{n)\ + h^'^n) =^ {7n(9)}~ i G h^^^. 

Sufficiency is proved. 

Necessity of Theorem 3. Let suppose that {jn{q)}'^=i G /i*'^. If s G (—1,0] then from 
Theorem 2 we have that q{x) G H^l'^^^ (R, R). If s > then 

{749)}~=i G /i^'^ ^ h^-', S>0^ q{x) G ^r/e. ^ ln{q) = 2 \q{n)\ + h'+^-\n) 



q{x) G ^ri^er (K.K) ^ ^^r/er (M, M) , 5 > ^n{q) = 2 |9(n)| + h'+^-\n) 



(8) 



^ 7n(9) = 2 |?(n)| + /i«'^(n) ^ q{x) G Ffl^,, , 

Necessity is proved. 

The proof of Theorem 3 is complete. 
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4. Concluding remarks 
In fact we can prove the following result: if q{x) G -f^i^p^r (K, K) and 

(1 + 2|fc|)^ < w{k) < (1 + 2\k\y+^', s e (-1, 0], 
(1 + 2|A;|)" < w{k) < (1 + 2|fc|)^+^ s e [0, oo), 

then 

q{x) e Fr-per ^ {7n(g)}r=l € /l"- 

This result is not covered by the theorems of the preprint [DjMtS], because it does not 
require the weight function to be monotonic and submultiplicative. 

Appendix 

The complex Sobolev spaces ilf.pg^(M), s e IR of 1-periodic functions and distributions 
over the real axis K are defined by means of their Fourier coefScients, 



I feez " J 

Vfeez / 
/(fc):=(/,e''=2--)i. (K), keZ. 

1-per ^ ' 

By (•, •)^2 (jj) we denote a sesqui-hnear form pairing the dual spaces -ffi-per(^) ^'^^ 

with respect to which (the sequi-linear form (•, (r)) is an extension 
by continuity of the if.pgr(K)-inner product [Brz, GrGr]: 

"""^ ■'^ feez 
It is useful to notice that 

By iJ*^gj,(M), s € M we denote an inductive limit of the Sobolev spaces iI|.pg^(R) with 

t> s, 

Hipper m ■.= [jHt+l^{R). 

It is a topological space with an inductive topology. 

In a similar fashion the Sobolev spaces Hj_[0, 1], s € M of 1-periodic/ 1-semiperiodic func- 
tions and distributions over the interval [0, 1] are defined: 

Hl[0,l]:=\f= J2f('^)e''^^ II / ll/^i[o,i]< 00 i , 



/ ii^i[o,i] ■■= I E w 

,A;er± 



v2, 

fe6r± ^ ^ 

1/2 

2s 

" ' 2. 



{k) = l + \k\, 
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Here 

r+ = 2Z := {fc G Z I fc = (niod2) } , 
r_ = 2Z + 1 := {fc G Z I fc = 1 (niod2) } , 

and (•, •)± are sesqui-linear forms pairing the dual spaces ff±[0, 1] and iJ^*[0, 1] with respect 
to -L^(0, 1), which (the sesqui-linear forms (•, •)±) are extensions by continuity of the i^(0, 1)- 
inner product [Brz, GrGr]: 




V/,ff gL2(o,1). 



It is obvious that 

We say that 1-periodic function or distribution f{x) is real-valued if Im/(x) = 0. Let us 
remind that 

Re /(a;) := i{fix)+J{x)), Im/(a;) := l,{f{x)-J{x)), 
(see, for an example, [Vld]). In terms of the Fourier coefficients we have 

lmf{x) = 0^f{k) = f{-k), fcGZ. 

Set 

Hl^,,{R,R) := {f{x) G ffi%erW I Im/(a;) = O} , 
Ht+,^{R,R) := {fix) G H^+M I ^^fi^) = O} , 
Hi ([0, 1],R) := {fix) G Hl[0, 1] |Im/(a;) = O} . 
Also we will need the Hilbert sequence spaces 

h' =h'iZ,C), s G R 

of (two-sided) weighted sequences, 




(fc> = l + |fc|. 



Note that 

h° = fi1,C), 

and 

a = {a(fc)}j.g2 e /i**, s G K ^ aik) = oi\k\~^), k —>■ ±oo. 
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